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Abstract 

The two-loop "top-down" renormalization group flow for the top, bottom and tau 
Yukawa couplings, from [i = Mqut — 0(10^^ GeV) to /i ~ ttij, is explored in the frame- 
work of supersymmetric grand unification; reproduction of the physical bottom and tau 
masses is required. Instead of following the recent trend of implementing exact Yukawa 
coupling unification i) a search for infrared (IR) fixed lines and fixed points in the vn^^ ^ - 
tan/3 plane is performed and ii) the extent to which these imply approximate Yukawa 
unification is determined. In the m^° ^ - tan P plane two IR fixed lines, intersecting in an 
IR fixed point, are located. The more attractive fixed line has a branch of almost constant 
top mass, rri^°'^ ~ 168-180 GeV (close to the experimental value), for the large interval 
2.5 < tan/?<55; it realizes tau-bottom Yukawa unification at Mqut approximately. The 

less attractive fixed line as well as the fixed point at mf°^ ~ 170 GeV, tan/? ~ 55 im- 
plement approximate top-bottom Yukawa unification at all scales /i. The renormalization 
group fiow is attracted towards the IR fixed point by way of the more attractive IR fixed 
line. The fixed point and lines are distinct from the much quoted effective IR fixed point 
m^^^-O (200 GeV) sin/?. 



* project supported in part by Deutsche Forschungsgemeinschaft 



There has been renewed interest in supersymmetric grand unification triggered by the recent 
sucessful reevaluation of gauge coupling unification [l|]. Also the appealing concepts of tau- 
bottom Yukawa coupling unification, e.g. valid in a minimal SU{5) theory, or possibly even 
of tau-bottom-top Yukawa unification have been revived 0-0. The main issue has been to 
determine how exact tau-bottom (-top) Yukawa coupling unification at the unification scale 
H = Mgut — 0(10^^ GeV) constrains the low energy parameters of the top-bottom-tau sector 
at the infrared (IR) scale fi = rrit. In this paper a reversed strategy is followed. First the 
unconstrained "top-down" renormalization group (RG) flow in the top-bottom-tau sector, from 
H = Mgut to /x = mj, is explored. The aim is, to determine the IR fixed lines and IR fixed 
points in the low energy top-bottom-tau sector, which attract the RG flow. Then the extent to 
which these distinguished IR lines and points reflect approximate Yukawa coupling unification 
at Mgut is investigated. 

The simplest framework is the minimal supersymmetric extension of the Standard Model 
(MSSM), embedded in a "one-step" grand unified theory (e.g. an SU{5) theory). It holds from 
Mgut down to a scale fi = Msusy of the order of the weak interaction scale, parametrizing 
effectively the thresholds of the supersymmetric particles and the heavy Higgs bosons. For 
simplicity Msusy = "^i is chosen in the following. The top-bottom-tau sector is described by 
the "top down" RG evolution of the Yukawa couplings /it(/i), hi,(fi), hr^fi), from fi = Mgut to 
fi = rrit. The running top, bottom and tau masses at fi = rrit are 

mtimt) = ht{mt) sin/3i;/V2, (1) 

rribimt) = K{mt) cos/?t;/A/2, (2) 

m^{7nt) = h^{7nt) cos/5f/v2. (3) 

Here tan/5 = ^2/^1 parametrizes the unknown ratio of the vacuum expectation values Vi, V2 
of the neutral components of the two Higgs doublets, with t>^ + t>2 = f ^ ~ (246 GeV)^. The 
physical top mass is given by the pole mass [0 

mr"" = m,(m,)(l + ^as{m,) + 0{al)). (4) 

on 

In a "top-down" RG analysis of the top-bottom-tau sector there are four free parameters 
to start with, tan/5 and e.g. hto, hbQ, hro, the ultraviolet (UV) initial values of the Yukawa 
couplings at /i = Mgut- Two IR conditions are provided by the physical masses rrir, nib 
(evolved to fi = nit within the Standard Model). This leaves e.g. tan/3 and the IR parameter 

pole r 

rUf free. 

Let me briefly recapitulate the consequences 0-0 of implementing exact tau-bottom Yukawa 
coupling unification, hro = h^o, at Mgut- The allowed tan/5, m^"^ values are constrained to a 
narrow band in the mf" '^ - tan /? plane, which turns out 0-0 surprisingly to coincide essentially 
with the triviality bound determined by the IR image of large UV initial values hto, the much 
discussed strongly attractive IR fixed pointQ P|-|I^ 

mr'" ^ 0(200 GeV) sin /3. (5) 

Compared with the direct [^ and indirect [l^ experimental evidences for the top mass 



direct evidence mj = 174 ± 10 GeV, indirect evidence rrit = 173 GeV, (6) 



^Usually also Refs. llq, 16, 17l are quoted along with Ref. M in this context; however, it will be important 



in the following that they refer to a different though nearby fixed point. 



most likely only two narrow windows, one at small tan/3 ~ 0(1.5) and one at large tan/3 ~ 
0(60) are admitted. Top-bottom-tau Yukawa unification is realized near tan/? ~ 60. 

For the following it is important to realize that the fixed point (|^) is rather what has been 
called [H an effective fixed point, since neither does its position remain fixed under the "top 
down" evolution nor does it attract RG solutions from below. 

In this paper the two- loop RG flow in ht{fi), hb{fi), hT-{fi) for the "top down" evolution, 
from Mgut to rrit, is investigated. This implies studying solutions starting their evolution at 
arbitrary initial values hto, hhQ, h^-Q within the perturbatively allowed range h^Q/in, hl^/ATi, 
h'^Q/iii < 0(1) and for an arbitrary value of tan/?, only subject to the condition that the 
physical masses rrih and m^- be reproduced. No Yukawa coupling unification is imposed; so at 
jj, = rrit essentially the whole ?7if°^-tan/? plane, bounded from above by the triviality bound 
(the IR images of large hto oi hto) , is available for investigation. The main issues are then 

• to search for genuine IR fixed points and fixed lines in the m^°'^-tanP plane, which 
attract the RG flow from above as well as from below, 

• to determine the strength of their IR attraction and thus a hierarchy of their importance, 

• to investigate to which extent Yukawa coupling unification can be maintained on an 
approximate level. 

Let me briefly anticipate the most interesting resulting IR fixed manifolds in the m^"'^- 
tan/? plane, the IR fixed line m^"'^ — (170-180) GEVsin/3 as well as the IR fixed point m^"^ — 
170 GeV, tan/3 ^ 55 , both implying an almost constant top mass r?7,^° ^ ^ 168-180 GeV for the 
large interval 2.5 < tan/3<55. This top mass is in good agreement with the experimental top 
mass value (|^). The issue of top-bottom Yukawa coupling unification will enter the discussion 
automatically, since one IR fixed line as well as the IR fixed point imply it approximately for 
all scales /x. Tau-bottom Yukawa unification at Mqut will turn out to hold only approximately. 

Let me mention in this context that IR fixed lines are of particular interest, if they are more 
strongly attractive than IR fixed points. This happens e.g. in the Standard Model, where an 



IR fixed line, corresponding to a top-Higgs mass relation, has turned out [|T3 to be much more 



strongly attractive than the corresponding IR fixed point [|T^, ^, [T^. An extended analysis of 



the Higgs-top-bottom-tau sector in the Standard Model is in preparation [20 



Let me point out that what physicists like to call a "fixed line" is termed in mathematical 



language |21] more appropriately an "invariant line"; this terminology has been used in Ref. 

The two-loop RG equations [0, ^ of the top-bottom-tau sector of the MSSM involve g^, g2, 
gi, the SU{3) x SU{2) x t/(l) gauge couplings, and the Yukawa couplings ht, hi,, h^ running 
as functions of t = ln(/i/MGUT)5 assuming vanishing u, d, s, c, e, /i Yukawa couplings. Before 
turning to the numerical two-loop RG analysis, considerable analytical insight into the IR fixed 
manifolds will be obtained from the corresponding one-loop RG equations with vanishing elec- 
troweak gauge couplings, gi, g2 = 0. In this reduced framework, which is a good approximation 
except for the small region in coupling space, where gi, g2 are not dominated by any of the 
other couplings, the IR fixed points and fixed lines are exact. They will appear in the variables 

ht _hl _ hi .^, 

Pt — — 25 Pb — — 9! pT — — 2 ; V) 

gi 93 93 

and not in ht, hb, hr- By eliminating the variable t in favour of g^ the top-bottom-tau sector 
in the reduced one -loop framework is described by the following RG equations in terms of the 



three variables (|^ 

-3^3 Til = Pi(6Pi + Pfe-^), (8) 



2^^* (a , '^^ 



-3c/3:r^ = Pb(6p6 + Pt + PT--), (9) 

CIA's "J 



2dPr 



-S^sVl = Pr(3pb + 4p. + 3). (10) 

Clearly, this system of coupled differential equations has four (finite) fixed points, of which only 
the fourth one (IT^) is IR attractive 



Pi = (IR repulsive), pfe = (IR repulsive), Pr = (IR attractive), (11) 

7 
pt = — (IR attractive), p;, = (IR repulsive), p^ = (IR attractive), (12) 

18 

7 
Pt = (IR repulsive), Pb = rrz (IR attractive) Pr = (IR attractive), (13) 

18 

Pt = - (IR attractive), Pb = - (IR attractive), p,- = (IR attractive). (14) 

o o 

The fixed point (|12]) is the supersymmetric counterpart of a well-known fixed point in the 
Standard Model [|1^, 0, |I^. It is, however, much more IR attractive with respect to pt, since 
it is approached as 

Ptig!) = ^4^^, (15) 

i-(i-tt;^)(- 






-7/9 



for pb^r = 0. The measure of the IR attraction is the size of the negative power in {g1/ qIq) 
i.e. -7/9, to be compared with the corresponding one, -1/7, in the Standard Model. The 
discussion of the fixed point ([T3|) runs analogously, with the roles of pt and ph interchanged. 

Linearization of the system of differential equations (^-(|TU|) in the neighbourhood of the 
genuine IR fixed point ([T^) leads to the following approximate analytical solution 



Pt{9l) - ^ + ^((p*o + P.o-^-^P.o)(^)-^/^ + (p.o-p.o + ^P.o)(^)-^/^ 



Ms?) - i + i((fto + P»-|-ip.»)(4)-'"-(fto-P» + ip,o)(4)-''"' 

o z, \ o g.Qn ' flan 



2 



^2 






Prigi) ^ Pr,{^V\ (18) 



where pjo, PbO; PtO; flso ^-re the corresponding initial values at the UV scale. 

Mathematical theorems [^ about systems of coupled differential equations with several 
fixed points imply that the system (§)-(|lOD has an IR attractive fixed plane (invariant plane), 
the pt-pb plane, Pridl) = 0, and in this plane two IR fixed lines (invariant lines) intersecting in 
the IR fixed point (p^, pt = Pb = 1/3; the two fixed lines are 
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• Ptids) — Pbigi), equivalent to ht{gl) = h{,{g'^), implying exact top-bottom Yukawa coupling 
unification at all scales /i, 

• the solution of Eqs. (|), (^ for Pr = which interpolates the three fixed points ([T^)-(]I^, 
i.e. (pt = 7/18, pb = 0), {pt = 1/3, pb = 1/3), (pt = 0, pb = 7/18), having roughly the 
shape of two adjacent sides of a square. 

The first fixed line can be read off from 



d 



'Pb^ 



-3,|-^ = 5M^-1), (19) 

Cl5'3 Pt 

as obtained from Eqs. (||), (^ for pr = 0. As may be inferred from Eqs. (|T3|)-(|TBp, the fixed 
Pt- pb plane, pr = 0, is IR attractive like (gi/gio)'^^^ near the fixed point ([T^), the square-type 
fixed line is the more strongly attractive one, attracting like (s'l/s'lo)"^''^ in its neighbourhood, 
the Pt = Pb fixed line is the less attractive one, attracting like {gi/gio)~^^^ near the IR fixed 



point ([Tj 



Altogether, the "top-down" RG flow is attracted towards the IR fixed point (0) by way of 
first being attracted towards the square-type IR fixed line in the pt-pb plane and then (practi- 
cally) along this line towards the fixed point. Of course, solutions with initial values on an IR 
fixed line are drawn along it towards the IR fixed point. 



Reinstating the electroweak couplings gi, g2 and using the full two- loop RG equations ||22|, |3[|, 
the fixed points and fixed lines are found not to be exact any more. In order to determine 
the approximate positions of the fixed points and fixed lines one could follow Ref. [|l5l and 



replace gi, g2 by constants, given by their averages along the evolution path. This introduces 
a weak dependence on the evolution path, in particular on the UV scale. Here, it is preferred 
to maintain properly running couplings gi{p), g2{p) and to follow a prescription, which has 
already been successfully applied in Ref. |T^. For a given evolution path, e.g. from p = Mgut 
to /i = rrit, 

• the approximate IR fixed point in the pt-pb plane is determined as the unique point which 

has the same value at /i = Mqut and at p = rrit, 

• an approximate IR fixed line in the pt-pb plane is determined by the condition that all 
points, which start on it or - in case of the most attractive line - sufficiently close to it at 
/i = Mgut, end on it at p = rrit. 

Again the results depend somewhat on the evolution path, in particular on the UV scale; the 
numerical deviations from the positions given in Eqs. (p!^)-([I^) are the larger, the larger the 
UV scale. 

Obviously, the scenario of grand unification is not really vital for the results. The IR fixed 
lines and fixed point are basically IR properties of the MSSM. Only to the extent that they are 
not exact but approximate do they depend on the evolution path, i.e. on the size of Mqut- 

The following numerical RG analysis uses for p < rrit the same Standard Model evolutions 
for gi, g2, gs, rrir, rub as Ref. [Q, comprising three- loop expressions for a^, and m?,, with slightly 
different actualized input parameters. For p > rut the two-loop RG evolution equation of the 
MSSM [p2|, ^ are used for vanishing first and second generation Yukawa couplings. No error 
analysis is performed. The inputs are as follows 

• The supersymmetry scale is chosen at Msusy = iTit = 174 GeV. 

4 



From Ref. Q m^ = 91.187 GeV, sin^ 9 z{mz) = 0.2319, aem(mz) = 127.9 leading to 
gjimz) = 0.2132, gl{mz) = 0.4237. 

The grand unification scale Mqut as well as as{mz) are determined by requiring unifica- 
tion of all three gauge couplings at /i = Mqut (neglecting the two-loop Yukawa coupling 
contributions in the gauge coupling RG equations, following Ref. P). The results are 
Mgut = 2.223 10^^ GeV, gf = g^ = g^ = 0.5278 at Mgut and asimz) = 0.1247. 



771, 



1.7771 GeV [23] and ruf, = 4.25 GeV H, (20) 



are used, admitting a variation within 4.1 GeV < mi, < 4.4 GeV 0. The evolutions to 
fi = rrit are evaluated to be given by 

^b(^t) = TTT'b/Vb, m-rilTT't) = TTT't/Vt with Tjb = 1.599, 7]^- = 1.02. (21) 

• RG evolutions are performed from /i = Mqut to fi = nit = 174 GeV. 

Of primary interest is to investigate the RG flow in the variables pt = hf/gl, pb = hl/g^, 
Pr = h^l gl from Mgut to rrit (subject to the condition that the physical tau and bottom masses 
be reproduced), to locate the IR fixed point and fixed lines in the pt-pb plane, and to display 
their respective strenghts of attraction. 

This is achieved in Fig. 1 as follows: 36 pairs of initial values {pm-, Pbo) are chosen along 
the boundary of a square, defined by its four corners (0.0001,0.0001), (0.0001,25), (25,25), 
(25,0.0001); the value 25 is the limit of validity of perturbation theory. The evolution from 
p = Mgut to p = rrit niaps the 36 initial UV points onto 36 final IR points, which are the 
starting points of 36 polygons in Fig. 1. The 36 IR points are taken as a new set of UV initial 
values, evolved to a new set of IR final points. This procedure is repeated until all final points 
meet in the IR fixed point. This leads to 36 sequences of evolutions. In order to guide the 
eye, the IR points of each sequence are connected by straight lines to form the 36 polygons 
displayed in Fig. 1. 

For each of these evolutions the corresponding pair of initial values {pto, pbo) is comple- 
mented by a pro value, which is adjusted such that after the evolution the appropriate ratio 
Prij^t) I pbijrit) = m^irrit) / mlirrit) at p = rrit is reproduced, which is fixed by Eqs. (pO|) and (pi]). 
This requires values for Jpro/Pbo = ^to/^w ranging between 0.92 and 2.1. 

The paths which the polygons take in the Pt- Pb plane in Fig. 1 demonstrate that there 
is a rather strongly IR attractive fixed line. It has two branches, labelled by "1" and "2" in 
Fig. 1. Branch "1" has almost constant pt and is of physical interest; it runs from pt = 0.689, 
Pb = (the analogon of the fixed point (|T2|) and the supersymmetric counterpart of the fixed 



point in Refs. [0, |T6|, |T7|) to the IR fixed point at pt = .609, pb = .505; branch "2", being 



almost constant in p^, runs from pt = 0, pb = 0.586 (the analogon of the fixed point ([131) ) to the 
fixed point. A less attractice IR fixed line, labelled by "3" in Fig. 1, is seen to be pt — 1.2 p^, 
intersecting the more attractive IR fixed line in the IR fixed point. This line corresponds to 
/if ~ 1.1 hb, implying approximate top-bottom Yukawa coupling unification at all scales p. The 
IR fixed point as well as the two IR fixed lines are as expected from the preceding analytical 
considerations only with shifted positions due to the effect of including the electroweak gauge 
couplings and to a lesser extent to the two-loop contributions. The lengths of the sections of 
the polygons are a direct measure of the strength of IR attraction: the longer the section, the 
stronger the attraction. Clearly, as expected, the RG fiow is primarily attracted towards the 



more attractive IR fixed line and then runs (practically) along it towards the IR fixed point. 
The IR final points coming from UV initial points with ptQ = 25 or pf,o = 25 are connected by 
a dashed line; this line represents the triviality bound. In the neighbourhood of branch "1" as 
well as near the IR fixed point, a ratio J Pro/Pbo = ^ro/^w — 1-3 is required, which realizes 
tau-bottom Yukawa coupling unification at Mqut only approximately. 

Fig. 1 in terms of the variables pt = hf/g'^ and pb = h^/g"^ is translated^] into Fig. 2 for 
the variables rrif"^ and tan/? by means of Eqs. (|ID, (H), (H), ( pOD and ( ^T]) and by enforcing 
mb = 4.25 GeV. The maps of the infrared fixed lines are again labelled consistently by "1" , "2" 
and "3" . The dotted line is again the triviality bound, one branch of which is the effective IR 
fixed point (^). 

The more strongly attractive IR fixed line, branch "1" , is not sufficiently attractive to draw 
all perturbatively allowed initial values hto < 3.6 onto it, given an RG evolution from Mgut to 
rrit. However, it is remarkable that all initial values O.Q<hto < 3.6 are drawn from above and 
from below within a strip corresponding to mf°^ ~ 174 ± 23 GeV sin /5. The IR fixed point is 
less attractive. 

Fig 3 shows the dependence of the results on m^: for the values m^ = 4.1, 4.25, 4.4 GeV 
the pairs of IR fixed lines intersecting in their common IR fixed points mf° ^ = 169.6 GeV, 
tan/3 = 57.4,55.4,53.5, respectively, are displayed. Clearly, the physically interesting branch 
"1" is hardly affected by this variation. 

The rich IR fixed manifolds, displayed in Figs. 1 and 2, are summarized according to their 
manifestations in the hf-hb plane resp. in the m^° '^ - tan /5 plane 

• a more strongly attractive IR fixed line (invariant line) with the two branches 

i) branch "1": 

ht - .93 - .99 resp. m^^'' ~ (170 - 180) GeV sin /3, (22) 

implying an almost constant top mass m^'^'^ ~ 168 — 180 GeV for the large inter- 
val 2.5 < tan/9<55; in its neighborhood approximate tau-bottom Yukawa coupling 
unification at /i = Mqut is realized 

Ko^l-Shbo. (23) 

ii) branch "2": 

hb-. 85 -.91 resp. tan/3 ~ 55 - 60, (24) 

• a less strongly attractive IR fixed line (invariant line) , denoted by "3" , 

ht- 1.1 hb resp. m^^" ~ 3 GeV tan /3, (25) 

implying approximate top-bottom Yukawa coupling unification at all scales p, 

• an attractive IR fixed point at their intersection 

ht - 0.93, hb ~ 0.85 resp. mf''' ^ 170 GeV, tan/? ~ 55, (26) 

implying both, approximate top-bottom Yukawa unification at all scales p, ht ~ 1.1 hb, 
as well as approximate tau bottom Yukawa unification, hro ~ 1.3 /im, at /i = Mqut- 



^by translating the IR points of Fig. 1 and then connecting them again by polygons 
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The "top-down" RG flow is attracted towards the IR fixed point by way of the more attractive 
IR fixed fine. 

From this hst a physically appealing solution can be extracted with the following properties: 

• it is part of the most attractive IR fixed line ending in the IR fixed point, which both 
attract the "top-down" RG fiow from above and from below, 

• it corresponds to an almost constant top mass value, mf" '^ ~ 168-180 GeV, matching the 
experimental top mass, 

• it holds for the large range 2.5 < tan/3<55, 

• it implies approximate tau-bottom Yukawa unification at Mqut, at the level /i^o — 1-3 hho, 

• for tan/? ~ 55 it fulfills in addition approximate top-bottom Yukawa unification at all 
scales /i, at the level /ij ~ 1.1 hb- 

Let me emphasize that the constant top mass value of 168-180 GeV as well as the tau-bottom 
(-top) Yukawa coupling unification, even though valid only approximately, are encoded in the 
positions of the IR fixed manifolds (P^-(PBD and are not put in by hand at any stage. 



The solution described above is rather dominated by IR aspects. It has to be contrasted 
with the somewhat complementary solution [@-@ discussed in the introduction which is rather 
dominated by UV aspects : implementation of exact tau-bottom Yukawa unification,/iT-o = hho, 
at Mqut, which drives the low energy solution towards the triviality bound, requiring large 
initial UV values hto, and admitting only two tan/3 windows, tan/3 ~ 0(1.5) and tan/3 ~ 0(60). 

It would be interesting to investigate whether threshold effects and the influence of higher 
dimensional operators at Mgut? which have been considered [^ as possible sources for slight vi- 



olations of exact gauge coupling uniflcation, could be responsible for violations of exact Yukawa 
coupling unification to the extent implied in Eqs. (^) and (P^j). 

Of course all numerical results depend to some extent on the input parameters chosen, 
in particular on the position of Msusy and the value of as{mz)- A more extended analysis, 
varying these parameters, is in progress; as expected, no major changes in the resulting IR 
fixed structures in the rri^" ^-tan/] plane are found. 
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Figure 1: The two-loop renormalization group flow from fi = Mqut to fi = 174 GeV in the pt 
-pb plane: first towards the more IR attractive fixed line with the two branches, labelled by 
"1" and "2", and then practically along it towards the IR fixed point at pt = .609, pb = .505. 
The less IR attractive fixed line, pt — 1-2 pb, labelled by "3", as well as the IR fixed point 
automatically imply approximate top-bottom Yukawa coupling unification. The dashed curve 
is the triviality bound. 
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Figure 2: The two-loop renormalization group flow from /i = Mqut to /i = 174 GeV in the 
iajo. j3-mt^"^^ plane, as obtained from Fig. 1 for mi, = 4.25 GeV: first towards the IR attractive 
fixed line, with the two branches rrif°'^ — (170-180) GeV sin /5 labelled by "1", and tan/3 ~ 
0.55 — 0.60, labelled by "2" , and then practically along it towards the IR fixed point at mf° ^ = 
170 GeV, tan/5 = 55. Of physical interest is the branch "1" including the fixed point, which 
imply an almost constant top mass 171^°"^ — 168-180 GeV for 2.5 < tan/?<55; along this branch 
approximate tau-bottom Yukawa coupling unification is realized at Mqut- The less attractive 
IR fixed line mf" '^ ~ 3 GeV tan P, labelled by "3" , as well as the IR fixed point automatically 
imply approximate top-bottom Yukawa coupling unification at all scales fi. The dashed curve is 
the triviality bound; one of its branches corresponds to the well-known effective IR fixed point 
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Figure 3: The more IR attractive fixed lines (square type) and the less IR attractive fixed lines 
(straight line type) for nib = 4.1, 4.25, 4.4 GeV, intersecting in their respective IR fixed points 



tan/3 = 57.4, 55.4, 53.5, mj 



pole 



170 GeV. The less IR attractive fixed line as well as the IR 



fixed point automatically imply approximate top-bottom Yukawa coupling unification. 
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